We study the convolutors and the surjective convolution operators acting on spaces of ultradistributions of L p -growth. In the case p = 2 we obtain complete characterizations. Some results on hypoellipticity are also included.
Introduction
In this paper we study the convolution operators on the space of ultradistributions (of Beurling type) of L p -growth. These are extensions of the classical spaces D L p introduced by Schwartz. In Section 2 we introduce the Fréchet spaces D L p , (ω) following the approach of Cioranescu [7] and Gómez-Collado [13] who considered the case p = 1. Here, ω is a weight function in the sense of Braun et al. [6] . The elements of its dual are the ultradistributions of L p -growth and these are the ultradistributions T ∈ D (ω) with the property that T * ϕ ∈ L p for every test function ϕ ∈ D (ω) , p being the conjugate exponent of p (Theorem 2.5). Moreover, we show that every such an ultradistribution can be represented as T = G(D)f , where G(D) is a strongly elliptic ultradifferential operator as introduced by Langenbruch [17] and f ∈ L p . In this way, Theorem 2.5 extends and improves [13, Theorem 10] in the Beurling case. As a consequence of this representation, we deduce that D L p ,(ω) , 1 p < ∞, consists precisely of those functions f ∈ L p such that G(D)f ∈ L p for every ultradifferential operator G(D) (Corollary 2.8). This alternate description of the classes is closer to Schwartz's definition and emphasizes that differential operators have to be substituted by ultradifferential operators. To obtain a similar characterization of the elements of B L ∞ , (ω) , which is the analogous of the space B introduced by Schwartz, we first show that B L ∞ ,(ω) can be identified, in a canonical way, with the bidual of D L ∞ , (ω) . This can be viewed as an extension of a classical result of Dierolf and Voigt [9] and it follows after applying an abstract functional-analytic result obtained by Bierstedt and Bonet [2, Theorem 6] . We finish this section with a study of the Fourier transform. We show that every bounded ultradistribution is a tempered Beurling ultradistribution in the sense of Björck [3] , which will permit the use of Fourier transformations in the rest of the paper. Note that the results in [3] are true even for nonsubadditive weights (see [11] ).
In Section 3 we study the convolutors in D L p , (ω) , that is, the functionals T ∈ (D L p ,(ω) ) such that T * φ ∈ D L p , (ω) for every φ ∈ D L p , (ω) . We show that the convolutors of (ω) ) are the elements of (D L ∞ ,(ω) ) (Proposition 3.2) and we characterize the convolutors of D L 2 ,(ω) as those ultradistributions T ∈ (D L 2 ,(ω) ) with the property thatT e −kω ∈ L ∞ for some k > 0 (Theorem 3.5) (compare with [19, Proposition 4] ). We prove that every convolutor of D L p ,(ω) is also a convolutor of D L q ,(ω) for every min{p, p } q max{p, p } (1 < p < ∞) (Proposition 3.6). Roughly speaking, this means that the number of convolutors increases as p goes to 2 and decreases as p tends to 1 or ∞. This is mainly a consequence of the Riesz-Thorin interpolation theorem and it permits to conclude that every convolutor T of D L p , (ω) satisfies thatT e −kω ∈ L ∞ for some k > 0 (Corollary 3.7). Surjective convolution operators on D L 2 ,(ω) were considered previously by Pilipovic in [19, Propositions 8 and 9] , who obtained a necessary and also a sufficient condition. We finish Section 3 with a characterization of the surjective convolution operators on D L 2 ,(ω) (Theorem 3.8) . Moreover, we show that such a surjective operator admits a continuous linear right inverse, since it has a fundamental solution which is a convolutor on D L 2 ,(ω) . A partial result concerning surjectivity of convolution operators on D L p ,(ω) is also obtained. Our results improve [1, Theorems 1 and 3] and show that the results there stated are true, although, in our opinion, there are some gaps in the proofs of [1] .
In Section 4 we study the hypoellipticity of convolution equations in (D L 1 ,(ω) ) . The main difference with respect to [16, Theorem 1] is that we do not assume that the Fourier transform of the convolutor is a C ∞ function.
The spaces D L p ,(ω)
In this section we introduce the spaces D L p ,(ω) and we establish some of their properties. Definition 1 [6] . A weight function is an increasing continuous function ω : [0, ∞[ → [0, ∞[ with the following properties:
There is no loss of generality to assume that ω vanishes on [0, 1]. Then ψ * has only nonnegative values and ψ * * = ψ. Definition 2 [6] . Let ω be a weight function. For a compact set K ⊂ R, we let We denote by E (ω) the set of all C ∞ functions f such that ||f || K,λ < ∞ for every compact K and every λ > 0.
For every 1 p ∞, k ∈ N and φ ∈ C ∞ (R), γ k,p (φ) is defined as follows:
where [7] and Gómez-Collado [13] . The elements of its dual are called bounded ultradistributions.
It is obvious that
We start with some topological properties of the spaces (ω) .
Assume that G is an entire function such that log
is a continuous operator from E (ω) into itself and, for every φ ∈ E (ω) ,
As in [13 These operators are elliptic in the sense of Chou [8] and Braun [5, 10] .
Our first aim is to obtain representations of the elements of (D L p ,(ω) ) similar to the ones in [7, 13] . For every φ ∈ D (ω) , we putφ(x) := φ(−x).
Proof. Note first that, according to [6, Proposition 6.4 (ω) , T * φ is a bounded and continuous function in R. On the other hand, there exists C > 0 and m ∈ N such that
Then, if 1 p < ∞, we conclude that T * φ ∈ L p and T * φ p Cγ m,1 (φ) . Suppose now that p = ∞ and (T * φ)(x) ∈ R for every x ∈ R. We define two open sets A + and A − as follows:
In the general case it is sufficient to consider the real and imaginary part of T * φ to conclude. ✷ Proposition 2.3.
} is a weakly bounded set, and hence, equicontinuous on
We now take
Observe that we also get from (2) that T * (φ * η ε ) is a Cauchy net in L p , thus convergent. Since T ∈ D (ω) , there exist l ∈ N and C > 0 such that
Then T can be continuously extended to
According to [13, Corollary 2.6], we can write
To finish the proof, it is sufficient to take f = T * Γ and g = T * χ . ✷
Lemma 2.4. If 1 p ∞ and G(D) is a strongly elliptic ultradifferential operator of
By using the Cauchy integral formula, we have
Moreover,
Since log(t) = o(ω(t)), as t → ∞, we deduce from (3) and (4) that 1/G ∈ S. We now define
Thus g ∈ S and therefore, for every h
The results above lead to the following characterization of the elements of (D L p ,(ω) ) .
Theorem 2.5. Let 1 p ∞ and T ∈ D (ω) be given. The following assertions are equivalent:
(i) T ∈ (D L p ,(ω) ) ; (ii) T * φ ∈ L p for every φ ∈ D (ω) ; (iii) There exist a strongly elliptic ultradifferential operator G(D) of (ω)-class and f ∈ L p such that T = G(D)f .
Proof. (i) ⇒ (ii) is proved in Proposition 2.2 whereas (ii) ⇒ (iii) follows from Proposition 2.3 and Lemma 2.4. (iii) ⇒ (i) is clear because ultradifferential operators of (ω)-class define continuous linear mappings from (D L p ,(ω) ) into itself. ✷
An inspection of the proof of Propositions 2.2 and 2.3 gives the following remark. 
Proposition 2.6. For 1 p ∞, the family of seminorms
Proof. It is clear that the family Λ defines on D L p ,(ω) a topology weaker than the one associated with {γ m,p } m∈N . Let now m ∈ N. There exist C > 0 and a bounded subset B of
Then there exists an elliptic ultradifferential operator G(D) and C > 0 such that, for every
Then,
Thus we conclude that Λ generates the topology of
Proof. (i) Let 1 < p < ∞. By [14, 11.4.1] , it is enough to show that every absolutely convex, closed, and
We now fix a sequence (φ n ) in A which we can assume, without loss of generality, that weakly converges to a function φ in D L p . For every m ∈ N, there are C m > 0 and an
We can now deduce from Theorem 2.5 that (φ n ) admits a subsequence which weakly converges in
, we will apply [2, Theorem 6] . Let τ denote the topology induced by 
Hence, an application of [2, Theorem 6] gives the conclusion. ✷ Now from Proposition 2.6 we can deduce a new interesting characterization of the functions in D L p ,(ω) which emphasizes that ultradifferential operators of (ω)-class play the role in our setting of differential operators in Schwartz's theory.
By Proposition 2.6, given m ∈ N, there exist C > 0 and an elliptic ultradifferential operator G(D) for which
Thus the proof of (i) is complete.
( 
We will show that there is a continuous and linear form
Thus F is an automorphism of the strong dual 
Proposition 2.9. Every bounded ultradistribution T ∈ (D L 1 ,(ω) ) admits a Fourier transform F (T ) ∈ S (ω) . Moreover, there is a classical distribution ν ∈ D which coincides with F (T ) when acting on D (ω) .
Proof. Let φ ∈ S (ω) . According to well-known properties for the Fourier transform, we have that, for every n ∈ N, Using that ψ * is increasing, ψ * * = ψ, and that log(t) = o(ω(t)), as t → ∞, we can conclude that, for every k ∈ N, there exist l ∈ N and C > 0, such that
According to Theorem 2.5, there exist f ∈ L ∞ and an elliptic ultradifferential operator
can be extended as a tempered (classical) distribution, the conclusion follows. ✷
Proposition 2.10. The Fourier transform defines a continuous linear map from
Proof. By closed graph theorem, it suffices to show that the map
is well defined. To do this, let φ ∈ D and let a > 0 such that φ(x) = 0, |x| a. Sinceφ is an entire function, for every n ∈ N and R > 0, Cauchy integral formula allows us to writê
where C R denotes the circular path z(θ ) = x + Re iθ , θ ∈ [0, 2π). According to PaleyWiener theorem, we can find C > 0 for which
Hence, if x ∈ R, z ∈ C, being |x| > R and |z − x| = R, where R > 0, then
By (5) and (7), we have φ (n) (x) C e an n! n n (1 + |x| − n) 2 , |x| n and n ∈ N.
Moreover, it follows from (5) and (6) that
C e an n! n n , |x| n and n ∈ N. Hence,
Here C > 0 does not depend on n ∈ N. Then, the Stirling formula leads to
and we can conclude that
Thusφ ∈ D L 1 ,(ω) and the proof is finished. ✷ Remark 2. As a consequence of the previous result there is a continuous and linear operator
Convolutors in D L p ,(ω)
In this section we study the convolutors in (ω) . As we will see, the class of convolutors on D L p ,(ω) increases as p approaches 2 and decreases as p tends to 1 or to ∞. Surjectivity will be also considered.
, as n → ∞, for every x ∈ R. Then, F T φ = ϕ and the closed graph theorem implies that F T is continuous. 
We already know thatT * φ ∈ L p . Moreover, for every ultradifferential operator G(D), we have that G(D)(T * φ) =T * G(D)(φ)
∈ L p and we can apply Corollary 2.8 to conclude thatT * φ ∈ D L p , (ω) . There are m, n, l ∈ N such that for some constant C > 0, which is not the same at each occurrence, and for some ultradifferential operator G(D), we have
S * T , φ Cγ m,p (T * φ) C G(D)(T * φ) p Cγ n,1 G(D)φ Cγ l,1 (φ),
from where we deduce that S * T is a bounded ultradistribution.
In particular, it follows that S * T = T * S.
Proof. (i) It is clear from Theorem 2.5 and the comments above.
(ii) Note first that B L ∞ ,(ω) is contained in (D L 1 ,(ω) ) . From Theorem 2.5 and Corollary 2.8 we get the conclusion.
(iii) The proof is similar to that of part (ii). ✷
As a consequence of Theorem 2.5, we characterize (D L ∞ ,(ω) ) as the space of convolutors in
We now characterize the convolutors in D L 2 ,(ω) via Fourier transform. Our result can be proved as [19, Proposition 4] but we will employ a different procedure.
Proof. The proof follows from a standard regularization procedure and an application of 
Since the subspace {φ:
Proof. According to Theorem 2.5 we can find f ∈ L 2 and an elliptic ultradifferential operator G(D) of (ω)-class for which
. Then, according to Proposition 2.6, we can write
where C > 0 and F (D) is an elliptic ultradifferential operator of (ω)-class. Let h ∈ L 2 , by Lemma 3.4 there exists a sequence (φ n ) n∈N 
Hence, for certain C > 0 and k ∈ N, we have
Assume now thatT e −kω ∈ L ∞ for some k ∈ N. Let G(D) be an ultradifferential operator of (ω)-class. We can find m ∈ N such that |G(t)| Ce mω(t ) , t ∈ R, and then
Hence, for a certain strongly elliptic ultradifferential operator F (D) of (ω)-class, we have
Then we conclude that T is a convolutor in D L 2 ,(ω) . ✷
As a consequence of our next result we have that if T ∈ (D L p ,(ω) ) is a convolutor in
Proof. By Proposition 3.2 only the case 1 < p < ∞ has to be considered. We first prove that T is a convolutor in (ω) ) . Thus we have seen that the mapping F T defined by (ω) ) is an (LB)-space, we can apply the closed graph theorem [14, 5.4 .2] to conclude that F T is continuous. By Proposition 2.7, the mapping F * T transposed of F T is continuous from D L p ,(ω) into itself. On the other hand, it follows from Definition 3 that
Hence, for every m ∈ N, there exist C > 0 and n ∈ N, such that
Since
To finish the proof of the proposition, we will assume that p > 2 and we will prove that ,(ω) ) . To do this, we take f ∈ L q and an elliptic a convolutor in D L p ,(ω) , the same argument shows that T * G(D)φ is a convolutor in L p . It follows, after applying the Riesz-Thorin interpolation theorem [15, p. 97 
An immediate consequence of Proposition 3.6 and Theorem 3.5 is the following
We now analyze the surjectivity of convolutors in D L p ,(ω) . Our next result gives a complete description of surjective convolutors in D L 2 ,(ω) . It improves [19, Propositions 8 and 9] and shows that the sufficient condition imposed there is far from being necessary.
The following assertions are equivalent:
where A is a certain bounded measurable subset of R having positive measure. We choose φ ∈ S (ω) such thatφ(x) = 1, x ∈ A. We can apply (i) to find a function ϕ ∈ D L 2 ,(ω) for which T * ϕ = φ. ThenTφ =φ on A, which is a contradiction. Hence,T (x) = 0, a.e. x ∈ R. Assume now T * φ = 0, where φ ∈ D L 2 ,(ω) . ThenTφ = 0 and hence φ = 0. Thus the convolution operator defined by T is one-to-one on D L 2 ,(ω) . It easily follows that the convolution operator defined byT is an automorphism of (D L 2 ,(ω) ) , we can proceed as above to prove thatT = 0 a.e. and that the convolution operator defined by T on (D L 2 ,(ω) ) is one-to-one. Hence the convolution operator defined byT is an automorphism of (D L 2 ,(ω) 
Then TR = 1. By using now Theorem 3.5, we deduce that there exist M > 0 and l ∈ N for which
We define Φ =φ/T . If (iv) holds then Φ is a measurable function and, for every k ∈ N, there is an ultradifferential operator G(D) of (ω)-class with
Now, an application of Plancherel's theorem and Corollary 2.8 gives that the function
On account of Proposition 3.6, we can proceed as in the proof of Theorem 3.8 to get the following result. The surjectivity turns out to be equivalent to the existence of a fundamental solution which is again a convolutor in the space. Moreover, we get a necessary condition in terms of the Fourier transform which generalizes the ones given in [1] . We believe that the proof of [1, Theorem 1] is insufficient. (ω) . We consider the following assertions:
The situation is much better if we restrict ourselves to the case of ultradistributions with compact support. 
Proof. Proceeding as we will do in Proposition 4.3, one can show that (iii) ⇒ (ii), from where the conclusion follows. ✷
Hypoellipticity of convolution equations on (D L p ,(ω) )
Here we study the hypoellipticity of convolution equations on (D L 1 ,(ω) ) and (D L 2 ,(ω) ) . As it was proved in Proposition (D L 1 ,(ω) ) when the following property holds:
The next result is very useful to analyze the hypoellipticity of the elements in (D L ∞ ,(ω) ) . Similar properties were established in [18, 20] , amongst others. 
Proof. We firstly prove that S ∈ D (ω) . Indeed, let n ∈ N and we define S n (x) = 
Hence the sequence (S n ) n∈N is weakly convergent to S ∈ D (ω) . To prove that S ∈ (D L 1 ,(ω) ) , according to [13, Theorem 3.2] , it is sufficient to see that [6, Proposition 6.4] ). In particular, S n * φ → S * φ, as n → ∞, uniformly in each compact subset of R. Also, for every n ∈ N,
, we can conclude that S n → S, as n → ∞, in the weak topology of (D L 1 ,(ω) ) . Suppose now that, for every k ∈ N, |a j | = O(e −kω(χ j ) ), as j → ∞. We will prove that S(
is a Fréchet space, to do this it is sufficient to show that ∞ j =0 γ k,∞ (a j e iχ j x ) < ∞ for every k ∈ N. Let k ∈ N. There exists C k > 0 such that |a j | C k e −2kω(χ j ) , j ∈ N. Hence, for every j, n ∈ N,
Then, γ k,∞ (a j e iχ j x ) C k e −kω(χ j ) , j ∈ N, from where it follows that ∞ j =0 γ k,∞ (a j e iχ j x ) < ∞. Let us now assume that S ∈ B L ∞ ,(ω) . We will proceed as in [16, p. 1186 
It follows from the proof of Proposition 2.10 that there is a function φ ∈ D L 1 ,(ω) such thatφ(0) = 1 andφ(x) = 0, |x| 1, and we get
In particular, We now establish that property (P) is a necessary condition in
Proof. Suppose that S does not satisfy property (P). Then we can find a sequence (χ j ) j ∈N of real numbers such that |χ j | > 2|χ j −1 | > 2 j , j ∈ N, j > 1, and |Ŝ(χ j )|< e −jω(χ j ) , j ∈ N. According to Lemma 4.1 and [20, Lemma on p. 141], the functional T = ∞ j =0 e iχ j x defines an element of (D L 1 ,(ω) ) but T is not in C 3 (R). On the other hand, we have that,
(χ j )e iχ j t , φ(t) .
A partial converse of Proposition 4.2 is the following one.
Proof. We choose an even function φ ∈ D (ω) such that φ(x) = 1, |x| x 0 , and φ(x) = 0, |x| > x 0 + 1, where x 0 is the positive constant that appear in property (P). We define the function
, |x| x 0 .
Thus F is a function in C 2 (R). According to [17] , there exist positive constants C 1 , C 2 and C 3 such that, for every s ∈ N, we can find an even and entire function f s for which |f s (z)| C 1 e sω(|z|) , z ∈ C, and |f s (z)| e C 2 sω(|z|) , | Im z| C 3 (| Re z| + 1). We define A procedure similar to the one used in [19, Proposition 10] allows us to prove that property (P) characterizes the hypoellipticity in (D L 2 ,(ω) ) . D L 2 ,(ω) . Then, S is hypoelliptic in (D L 2 ,(ω) ) if and only if S satisfies property (P).
Proposition 4.4. Let S be a convolutor in

